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We study a generalized conserved lattice gas model in two dimensions by introducing an effective tempera-
ture to the conserved lattice gas model, where the number of particles is conserved during the dynamical
process. We apply Monte Carlo simulation with the Metropolis transition rate. At zero temperature we find two
transition behaviors; one between the localized active states and absorbing states and the other between the
localized active states and active states. With a different definition of the order parameter for the second
transition behavior, we obtain the critical exponents at the transition point.
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I. INTRODUCTION

Monte Carlo simulation in statistical models plays a major
role in studying phase transitions and critical phenomena.
Monte Carlo simulations in nonequilibrium have been per-
formed in various diffusion processes �1–11�. The critical
behavior of nonequilibrium phase transition is similar to that
of equilibrium phase transitions in many respects. Therefore
the critical behavior of nonequilibrium phase transitions can
be understood well by the concept of scale invariance intro-
duced to understand equilibrium phase transition.

Nonequilibrium phase transition from a fluctuating phase
to one or several absorbing states of the conserved lattice gas
�CLG� model was well studied �12–17�, and it exhibits an
absorbing phase transition from an active phase into an in-
active phase. The CLG model was introduced by Rossi and
co-authors �12�. In this model, there is no particle creation
and annihilation process, that is, the number of particles is
conserved during the dynamical process. At each time step, a
randomly selected particle hops to a vacant nearest-neighbor
site, provided that one of its nearest-neighbor sites has al-
ready been occupied. If an active particle cannot find a va-
cant nearest-neighbor site, the particle is immobile. A par-
ticle is called active if at least one of its neighboring sites is
occupied by a particle. Applying this rule mentioned above
to the CLG model in one dimension, many absorbing states
below the critical particle density �c, two symmetric absorb-
ing states at �c �checkerboardlike pattern�, and an active state
above �c are observed �18�. For the CLG model in two di-
mensions, many absorbing states are observed both below
and at �c=0.344 94�3� �13�, and an active state is observed
above �c. However, there are no two symmetric absorbing
states in the CLG model in two dimensions. And then,
Lübeck �13� has obtained the upper critical dimension of the
CLG model and the critical exponents in two, three, four, and
five dimensions. He has also studied persistence exponents
�15� and the critical behavior on random neighbor space
�16�.

For further study of the CLG model, we introduce an
effective temperature to the CLG model, and we call the
CLG model with effective temperature the generalized CLG
�GCLG� model. Here, the effective temperature plays a role
of a noise parameter. In the CLG model, particles can move
anywhere if they have an occupied neighborhood. When the
effective temperature is introduced to the CLG model, par-
ticles are limited to move and they can move to the vicinity
site when they reduce the number of neighborhoods. Though
the terminology of temperature is not suitable to use for a
nonequilibrium model, we use it in this paper to use the
Metropolis-like update scheme. Using the effective tempera-
ture, we come to know that the GCLG model in two dimen-
sions at zero temperature always minimizes the total number
of bonds during the relaxation process. The dynamics in the
GCLG model at zero temperature is exactly the same as that
in the CLG model in one dimension. However, we observe
the distinctive localized active phase in the GCLG model in
two dimensions at zero temperature instead of two symmet-
ric absorbing states shown in the CLG model in one dimen-
sion at the critical point, and also observe the absorbing state
below �c of the CLG model in two dimensions.

In this paper we consider the finite-size scaling as well as
the dynamical scaling behavior of the GCLG model in two
dimensions at zero temperature. First, we introduce a method
that allows us to study our model at zero temperature. In
addition to the previous attempt to measure finite-size effects
in the absorbing phase in the CLG model, we use the order
parameter to describe the localized active states in the GCLG
model at zero temperature. We also apply the dynamical
transition probability with the effective temperature to our
model using the Metropolis rate.

II. THE GCLG MODEL

The configuration energy �7,8� of the GCLG model on an
L�L square lattice in two dimensions, with fully periodic
boundary conditions, can be specified as follows:

E��� = J�
�i,j�

�i� j , �1�

where the sum runs over the nearest-neighbor bonds of sites,
and J�0 denotes the repulsive binding energy and each site
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i is either occupied by a particle or empty, which we denote
by a variable �i taking two values: 1 �occupied� or 0
�empty�. In order to access the absorbing critical point, we
change the initial particle density: Pi=�i�i /L2. Actually, Eq.
�1� represents the number of bonds which are two neighbor-
ing occupied sites. In this paper, however, we will use the
configuration energy instead of the number of bonds, though
the GCLG model is not an equilibrium model.

In our simulation, the Metropolis rate �7,8,19,20� is
implemented to the GCLG model in two dimensions. For the
Metropolis rate, first we choose an active particle �i in the
active list. Then, we randomly select a nearest-neighbor bond
i, j of sites with different occupancies, �i�� j. We denote the
original configuration as � and let �� be the configuration
with �i, � j switched �i.e., �i�=� j; � j�=�i�. The transition
from � to �� is controlled by the Metropolis rate function as
follows:

w�x� = min�1,e−x� . �2�

To be specific, we first compute x=��, where � denotes the
configuration energy difference of two configurations
��� and ��, and �=1 /kBT. If x�0, the attempt �exchange� is
accepted; if, however, x�0, we draw a random number rng
and perform the exchange only if rng�e−x, where random
numbers are selected uniformly from the interval �0,1�. As
effective temperature increases, this fraction approaches 1 in
a monotonic fashion. If this fraction is 1 at infinite tempera-
ture, the dynamic rule in the GCLG model in two dimensions

with Metropolis rate is identical to that of the CLG model in
two dimensions.

III. RESULTS

We have simulated the GCLG model at zero temperature
using the Metropolis rate with various system sizes and ini-
tial particle density �.

A. Characteristics of dynamics

We have observed the density of active particle �active in
Fig. 1. In the CLG model, the critical particle density is
0.344 94�3� �13�. However, it seems that the GCLG model at
T=0 has a different critical particle density comparing with
that of the CLG model from Fig. 1. At the critical particle
density of the CLG model, �active decays exponentially while
it decays with the power law over time in the CLG model. In
this model, at �=0.50, �active is decaying with the power law.
Therefore we observed the two transition points �1=0.345
and �2=0.50 to look for the characteristics of dynamics.

Figure 2 is the plots of the density of active particles at
the steady states �s as a function of L. For �	0.345, �s
decays with a power law following the formula �s�L−
 with

=2, which means that active particles disappear as the lat-
tice size goes to infinity. Therefore, for �	0.345, the GCLG
at T=0 is in the absorbing state. For ��0.345, the plots are
deviated from the guide line indicating �s�L−2. It exhibits
that the GCLG is not in the absorbing state, because �s is
greater than 1 /L2. Therefore we can find the first transition
point �1 between the active and absorbing states of the
GCLG model at T=0.

Figure 3 is the plot of the density of active particles at
�=0.50 as a function of time. Differently from the CLG
model, the power-law relation between �active and time ap-
pears at �=0.50, not around �=0.345. indicates the second
transition point at �2=0.50.

B. Characteristics of relaxation

What is characterizing the second transition, then? To find
it out, we have assigned colors to particles �see Fig. 4� and
have studied the GCLG model using colored particles. The
particles are assigned to black, red, yellow, or blue. There are
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FIG. 1. �Color online� Plot of the density of active particles on
L=160.

FIG. 2. �Color online� Plots of the density of active particles at the steady state �s as a function of L for �a� �	0.345 and �b� �
�0.345. The solid line is the guide line indicating �s�L−2.
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two kinds of black particles: one is a four-bonded particle
and the other is a zero-bonded or isolated particle. To inves-
tigate the behavior of the GCLG model, we visualize our
simulation with coloring of particles as follows: When an
active particle performs a trial particle-hole exchange to all
the possible directions, and if at least one of the particle-hole
exchanges can reduce the configuration energy and the num-
ber of bonds in the system after a particle-hole exchange, it is
colored red. If at least one of the particle-hole exchanges can
maintain them, it is colored yellow. If a particle-hole ex-
change increases them, it is colored blue. If a particle is
inactive because it is surrounded by particles or isolated, it is
colored black. In Fig. 4, a randomly chosen active particle
�empty square� could increase or decrease the configuration
energy and the number of bonds in a system.

For a red particle, the number of bonds in the system are
changed as follows: If a randomly chosen particle �empty
square box� jumps to an empty site labeled by 1, the change
in the number of bonds in system �Nb is reduced. If it jumps
to an empty site labeled by 2, �Nb are increased. If it jumps
to an empty site labeled by 3, �Nb are not changed. So, the

minimum of �Nb for a red particle is �Nb
min	0. The mini-

mum of �Nb for a yellow particle is �Nb
min=0, and for a blue

particle, �Nb�0.
At zero temperature, the blue particle is not an active

particle because the increase of configurational energy is not
allowed by the zero temperature dynamic rule, while it be-
longs to an active particle in the CLG model. The definition
of active particles for the GCLG model at T=0 may consist
of red and yellow particles, because these are only active
particles at zero temperature.

For the CLG model in a steady state, there are two kinds
of phases: one is an active phase and the other is many ab-
sorbing states. The absorbing states and the active states can
be distinguished by the number of bonds: the bonds between
occupied sites disappear at absorbing states, but the number
of bonds and the configuration energy are fluctuating at ac-
tive states. However, for the GCLG model at T=0 in a steady
state, the remarkable characteristic is that the number of
bonds and the configuration energy always become constant
for any initial particle density.

In order to find out the second transition point �2 pre-
cisely, we plot �red as a function of time for different densi-
ties in Fig. 5 and we obtain �2=0.5000�25�. For �2, �red is
most stretched and it shows power-law decay behavior.
Above second transition point �2, any particle can visit any
site in the system, whereas below �2 and at �2 the particles
surrounded by inactive particles can be movable in the re-
stricted region: we call this state the localized active state
because it is active, but it is trapped and immovable.

We do not observe the power-law decay of active density
which is constructed with red and yellow particles at �1. The
dynamical relaxation process of active particle density,
which is constructed with both red and yellow particles to-
gether, is very complex, because the yellow particles in lo-
calized active states are never annihilated in the GCLG
model at zero temperature. Thus we define the order param-
eter using the red particle density for studying the phase
transition from the constant configuration energy active state
to the localized active state. This order parameter describes
well the phase transition in the GCLG model at zero
temperature.

In the previous work, for the CLG model in two dimen-
sions, the phase is separated by active and inactive �absorb-
ing� phases with respect to the critical point. However, the
GCLG model at T=0 is characterized by the absorbing phase
mixed with the localized active state. The localized active
state is a phenomenon in the GCLG model at T=0. To de-
scribe the complex localized active state, we devise a differ-
ent order parameter.

Figure 6 shows the typical configurations of a localized
active state in the system at zero temperature over time. Fig-
ure 6�a� shows the initial configuration of the GCLG at T
=0 with linear dimension L=100 and initial density of par-
ticle �=0.5. In Figs. 6�b�–6�f�, we can observe that the size
of domain boundaries connected by the yellow particle goes
on being reduced to minimize the configuration energy in the
system. During this relaxation process the yellow particles
located around boundaries create and annihilate the other
particles with different colors. Figures 6�g� and 6�h� show
that the boundaries become disconnected and the red par-
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FIG. 3. Plot of the density of active particles on L=50, 100, 200,
400, 800, 1600, and 3200 at �=0.50 as a function of time for the
GCLG model at T=0.
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FIG. 4. �Color online� Schematic figures of coloring particles,
where a randomly selected particle is indicated by an empty box.
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ticles disappear completely. In this steady state, we can ob-
serve that the red particle disappears and that the yellow
particle oscillates in the restricted region.

Near initial density �=0.5, the typical configuration of the
GCLG model at T=0 shows that the particles surrounded by
inactive particles are trapped in the restricted region forever.

For the GCLG model at T=0, the red particles disappear
in the steady state. At the second transition point �2, we
observe the power-law decay of the red particle density �red.
Comparing with Fig. 3, which is the plot of �active, the power-
law decay trend is clearer in Fig. 7 than the plot of �active due
to eliminating localized active, yellow particles. After reach-
ing the steady state �yellow� particles do not actually play a
role as active particles, because they are trapped in the re-
stricted area. Therefore it is reasonable that �red is used as the
order parameter at T=0.

At the thermodynamic limit and the critical point for non-
equilibrium continuous phase transition, the critical expo-
nents are written as �order���−�c��, �����−�c�−��, and 
���−�c�−�	, where �order is the order parameter, �� is the
correlation length,  is the correlation time, and � is the

particle density �5,6�. From these relations, we get the finite
size scaling forms; �order� t−�f�tL−z� and �order
�L−�/��g�tL−z�, where the decay exponent is �=� /�	, the
dynamic exponent is z=�	 /��, and f and g are universal
scaling functions.

Figure 7 shows that � using the density of red particles is
estimated by 1.282�1�. During the processing of minimizing
energy along the domain boundary, the red particle density is
fluctuating. Figure 8 shows � /��=2.00�5� and z=1.55�5�,
where � /�� is known as the typical exponent of absorbing
systems.

IV. CONCLUSIONS

We have introduced the GCLG model and simulated it on
a two-dimensional lattice at zero temperature using the Me-
tropolis transition rate. We find that the CLG model intro-
duced by Lübeck �13� identifies with the GCLG model at
infinite temperature because particles in the CLG model can
move to any direction unless they are in the absorbing state.

FIG. 5. �Color online� Plots of
the density of red particles as a
function of time for various par-
ticle densities: �a� is for �
�0.5000 and �b� is for �
�0.5000.

(a) time = 2 MCS (b) time = 251 MCS (c) time = 511 MCS (d) time = 750 MCS

(e) time = 1001 MCS (f) time = 1296 MCS (g) time = 1500 MCS (h) time = 1750 MCS

FIG. 6. �Color online� Schematic pictures of the localized active state for the GCLG model at zero temperature and initial density �
=0.50 on a square system with linear dimension L=100.
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We observe two transition points, �1=0.345 and �2
=0.5000�25�, for the CGLG model at zero temperature. The
first transition point �1 between the localized active states
and the absorbing states is identical to the critical point �c of
the CLG model, but we do not observe power-law behavior
at �1. At the second transition point �2 between the localized
active states and the active states, we observe the power-law
behavior of �active, but we cannot apply the finite size scaling
to the GCLG model by using �active because it takes too long
a time to measure the steady state value of �active correspond-
ing to the system size L.

The active particles of the GCLG model at zero tem-
perature consist of the red particles and the yellow particles,
where the yellow particles in localized active states are never
annihilated. However, the red particles disappear at steady
states below the second transition point �2. Thus we define
the red particle density as an order parameter for the GCLG
model at T=0 to describe the second transition point �2
between the localized active states and the active states.
Then, we obtain the critical initial density �2 in the GCLG
model, and the critical exponents at �2 are �=1.282�1�,

� /��=2.00�5�, z=1.55�5�. Usually, the critical exponents
for a nonequilibrium model are strongly related to the under-
lying dynamics. Thus the key dynamics and the critical ex-
ponents of a model are able to be guessed by mapping a
model to a well-known model. Unfortunately, however, the
GCLG model is not well fitted to the critical exponents as
well as the underlying dynamics of well-known models.
Therefore our further work is to find the transition behavior
and the underlying dynamics of the GCLG model using the
result at the nonextreme temperature, 0	T	�, as well as
T=0 and T→�; nevertheless, our results imply that the col-
oring scheme of movable particles helps us to analyze and
investigate the phase transition of a complex system such as
the GCLG model at T=0.
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FIG. 7. �Color online� Plots of the density of red particles as a
function of time on L=50, 100, 200, 400, 800, 1600, and 3200 at �2,
where �=1.282�1�.
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